A cylindrical soft actuator is suitable for applications in which pneumatic or hydraulic cylinders are conventionally used. In this report, we discuss the force output model of a spring-reinforced-type cylindrical soft actuator. This type of actuator outputs a larger force than the air pressure multiplied by the pressure-receiving area. We construct a quasi-static model to explore the reason for this phenomenon, based on the strength of materials. A thick-walled cylinder model with three boundary conditions was defined and analyzed. The model indicates that the rubber cylinder itself transmits pneumatic pressure and contributes to the output force. We also modeled the relationship between the pressure and the elongation of the soft actuator. Experiments were conducted to evaluate the proposed models.
Introduction
Soft actuators, like McKibben pneumatic artificial rubber muscles [1, 2] , have a long history of development. They have a high power-to-weight ratio compared to electric motors and are key elements in lightweight robot arms by locating valves and compressors, apart from the link mechanism. Moreover, they are lighter than conventional metal cylinders and are flexible. The applications of these actuators include cooperating robots, for which safety is a critical concern due to their regular contact with human subjects [3, 4] , biomimetic robots [5, 6] , and even medical robots [7] [8] [9] [10] .
3D printers are currently being used to fabricate soft actuators. This facilitates the manufacturing of actuators with complex mechanisms, which has resulted in the development of a variety of soft robots [11] . The manufacturing process for soft actuators is simple and low cost. This involves the preparation of 3D-printed molds that are subsequently filled with liquid silicone rubber. PneuNet [12] [13] [14] [15] is a major invention, which has an array of chambers on a fiber-reinforced base, which bends with the application of compressed air. It is applied to soft grippers [16] and durable multi-leg robots [17] .
Linear soft actuators that are simple compared to PneuNets have also been developed. Their simple motion enables the easy design of soft robots since they can be used with conventional rigid-link mechanisms. They also have an advantage compared to metal pneumatic cylinders in that they do not have sliding parts. Working fluid such as air or water is sealed, preventing the leakage of fluid and the generation of dust. Furthermore, they enable high precision positioning [18] because no stick-slip occurs, in combination with an appropriate control system using precise sensors and servo valves.
Bellow actuators and reinforced cylindrical actuators are the representative examples of these actuators. Bellows, especially those made of rubber, are used for soft robotics [19] . However, rubber bellows expand radially and bursts when high pressure is applied, and fiber reinforcement is necessary.
Hawkes et al. proposed a simple cylindrical soft actuator [20] . In this case, a fiber is wound around the silicone rubber cylinder. The supply of compressed air into the cylinder causes elongation in the axial direction, while the fiber restricts radial expansion. The cylindrical soft actuator generates a linear motion, but this simple behavior leads to a wide array of potential robotic applications, as an alternative to conventional pneumatic hydraulic cylinders.
Moreover, pneumatic actuators can control the output force and estimate the external force using servo valves in conventional rigid link robots. Force control is useful for the manipulation of a variety of materials, especially for food and organs. Pneumatic cylinders are back-drivable and low-friction without reduction gears, and the product of the cross-section of the piston and the air pressure directly derives the external force. In this study, force estimation was implemented in a pneumatically-driven surgical robot [21] . In these highlighted examples, force estimation is realized only for rigid pneumatic robots. In this work, the authors extended the method to a soft robot and developed a system to estimate the grasping force of a surgical robot using a soft actuator [22] .
A quasi-static model that describes the force output of a soft actuator is desirable for precise control and external force estimation.
Several works have reported on the analytical model of soft actuators, while most soft robots have complex dynamics and rely on numerical analysis. Polygerinos et al. modeled a bending soft actuator reinforced by fiber [23] . Bishop-Moser et al. analyzed the relationship between the deformation of a cylindrical actuator and the helical angle of the reinforcement fiber [24] . Conventional modeling of cable-driven bending manipulators has also been investigated [25] [26] [27] [28] . However, linear cylindrical actuators have not been modeled because their characteristics are considered to be simple. The output force of the actuator was considered to be the pressure multiplied by the pressure-receiving area. However, we experimentally determined that the actual output force has a larger value than that obtained using this simple calculation.
In this report, we present a model that describes the relationship between the output force and the pressure of a cylindrical linear soft actuator. In contrast to the previous works that neglected the thickness of the rubber cylinder, this report analyses the effect of the stress of the rubber cylinder by using fundamental equations for the strength of materials. We used the thick-walled cylinder model, considering the Poisson ratio of the material. It is revealed that the rubber material itself transmits the pressure and causes the axial output force. We also analyzed the pressure-elongation model, which is generally non-linear, given that the model is also essential for force estimation. A soft actuator reinforced by a metal coil was fabricated, and experiments to confirm these models were conducted using a prototype. Section 2 explains the structure of the cylindrical soft actuator used in this investigation. Next, the relationship between the pressure and the output force of the actuator is derived, using the thick-walled cylinder model, in Section 3. Then, the relationship between the pressure and the displacement of the actuator is presented in Section 4. In Section 5, the results of experiments to validate the model are shown. Section 6 gives the conclusions. Figure 1 shows the structure of a cylindrical soft actuator, and the prototype is shown in Figure 2 . It is a rubber cylinder covered by a reinforcement material. It elongates along the axial direction when working fluid is supplied inside the chamber, while the reinforcement material prevents radial expansion.
Structure of a Cylindrical Soft Actuator
The reinforcement material can be a fiber or a spring. A fiber-reinforced actuator has a fiber wound around the rubber cylinder, which is flexible and lightweight and suitable for human-machine interaction, such as in the case of a cooperation robot. A spring-reinforced actuator, however, operates with a higher pressure than the fiber-reinforced actuator.
Both a cylindrical soft actuator and a McKibben-type artificial muscle generate linear motion. The difference is that the artificial muscle contracts about 20% of its natural length and outputs strong force, while the cylindrical soft actuator expands about 300% of its natural length. The output force is no larger than that of a conventional pneumatic cylinder. 
Relationship between Pressure and Output Force
Consider an infinitely-long thick-walled cylinder with an inner diameter r i and the outer diameter r o , as shown in Figure 3 . The following conditions are given, from the structure of the soft actuator. Condition 1. The pressure P is applied uniformly to the inner wall of the cylinder. Condition 2. Radial and circumferential deformation are zero because the outer wall of the cylinder is restrained by a fiber or a spring. Condition 3. Elongation of the cylinder, or axial strain, is also zero for simplicity. The following equations are also valid when the cylinder is elongated, by considering the deviation from a reference point (arbitrary length without external forces). In a small volume of the thick-walled cylinder shown in Figure 4 , the force equilibrium in polar coordinates (r, θ, l) along r-axis is written as follows:
The first term is the force from the outer face, and the second is from the inner face, which represents the product of pressure and area. The last term represents the force from the sides, given that the side faces have angles, and the force perpendicular to these faces results in the radial force: σ θ dr dl sin(dθ/2) from each side. By ignoring high-order terms (dr 2 ) and approximating sin(dθ/2) as dθ/2, this equation can be rearranged as follows: The basic equations of stress and strain are:
where ε i , σ i , E, and ν are the strain, the stress, Young's modulus, and Poisson's ratio, respectively. The subscript i denotes the axis index. Condition 3 is represented as ε l = 0. Substituting it into Equation (5) yields:
The following differential equation is obtained by substituting it into Equation (2):
This can be rewritten as:
and then, we get:
where C 1 = σ l /2ν and C 2 are the constants of integration. Next, we consider the circumferential strain ε θ . The circumferential length of the material changes by 2πu r when the radial displacement is u r . Thus,
Substituting it into Equation (4) yields:
From Condition 2, that the outer wall is radially constrained, u r = 0 when r = r o . The preceding equation becomes:
Thus, the constant is derived as follows:
Then, we use Condition 1 that σ r = −P at r = r i and obtain the following:
It should be noted that the signs for stress and air pressure are different, because stress is defined to be positive for tension, but air pressure is positive for compression. In this case, we introduce a new variable η defined as:
and (21) becomes the following simple expressions.
The variable η denotes the pressure transmission ratio. When η = 1, the rubber material fully transmits the pressure to the axial direction in the same manner as the fluid. A dimensionless expression of the preceding equation is given as follows by letting α = r i /r o : Figure 5 shows the relationship between α and η for different Poisson's ratio, where a larger α indicates a thinner rubber wall. A small change of ν affects η strongly when ν is near 0.5. Poisson's ratio ν should be identified experimentally, because this value deviates significantly for rubber materials in general.
Finally, the relationship between the pressure P and the actuator output force F is written as follows:
where A c is the cross-sectional area of the chamber and A r is the cross-sectional area of the rubber cylinder. 
Relationship between Force and Displacement
This section presents a model that describes the relationship between the force applied to an actuator and displacement, which is also necessary for force control. The relationship is written as follows:
where x, F out , F, K c , and F r (x) denote the displacement of the actuator, the output force, the driving force by the working fluid, the spring coefficient of the reinforcement coil, and the elastic force of the rubber material, respectively. F r (x) is usually a nonlinear function since the strain of the rubber cylinder is large. We use a simple nonlinear elastic model as described in the following. Firstly, it is assumed that the Poisson's ratio of the rubber is 0.5, which implies that the volume of the rubber cylinder is constant. Under this assumption, elongation of the actuator results in the reduction of the cross-sectional area. We calculated the instantaneous cross-sectional area and the corresponding spring coefficient at the specific length, then calculated its integral to obtain the elastic force.
From the constant volume assumption, we obtain:
where r o , r i , and r i0 are the outer diameter, inner diameter, and the inner diameter at the initial state, of the rubber cylinder, respectively. The left-hand side and the right-hand side are the volume after deformation and that before deformation, respectively. The force-displacement relationship is instantaneously linear, and it is written as:
where K r (x) is the instantaneous spring constant. This is just a differential form of Hooke's law. The constant can be written as follows:
Here, l, l 0 are the length and the natural length of the actuator, respectively, A r = π(r o 2 − r i 2 ) and
Calculating the integrals yields:
Given that the boundary condition is that F r = 0 at x = 0, the constant is C 3 = EA r0 l 0 +x . Finally, we get:
(33) Figure 6 shows the relationship between x and F r . The preceding equations assume a linear stress-strain relationship. For large deformation of rubber materials, a nonlinear model based on polymer molecule chains [29] is useful. 
Experiments

Experimental Setup
We measured the pressure-output relationship and the force-displacement relationship to verify the proposed models.
The prototype actuator had a SUS304WPB stainless steel coil spring (L066, Accurate Inc., Saitama, Japan), which had an outer diameter of 20 mm and a wire diameter of 1 mm. We prepared three different rubber cylinders with inner diameters of 16 mm, 14 mm, and 10 mm. Their length was 35 mm.
The outer diameter of the rubber was 19 mm, the same as the mean diameter of the spring. We poured the liquid silicone into the mold containing the spring, and the silicone assumed the inner shape of the spring. Silicone rubber with a hardness of 30 A was used as the rubber material (Dragon Skin 30, Smooth-On, Macungie, PA, USA). An air tube with ø2 mm was attached on the bottom of the actuator. Figure 7 shows the fabrication process for the soft actuator. Firstly, we assembled the molds and inserted the spring. Next, the polymerization-type silicone was poured into the mold. The silicone was cured for 16 h at 23 • C. Next, new silicone was poured into a mold to form the bottom part, and the cylindrical component was placed on top. Finally, the bottom part was cured, and the base plate and a pneumatic tube were assembled.
The rubber cylinder had a groove that was attributable to the shape of the spring. The groove played the role of preventing the spring from slipping.
We implemented a PI control of the pressure as shown in Figure 8 . The input of the controller was taken as the error between the measurement of a pressure sensor (PSE540, SMC, Tokyo, Japan) and a reference pressure. The output of the controller was the voltage to a servo valve (MPYE, FESTO, Esslingen, Germany). Table 1 shows the control gains. A PC (Ubuntu 14.04 and RTAI) controlled the system with a sampling time of 1 ms. 
Parameter
Value
Pressure and Output Force
We used a six-axis force torque sensor (BL-NANO sensor, BL Autotec, Kobe, Japan) in front of the soft actuator, as shown in Figure 9 , and measured the output force. The force sensor output an analog voltage, and its maximum load was 24.5 N. We measured the output force six times by changing the distance between the actuator and the force sensor each time. Figure 10 shows the experimental result. The slope of the line represents the equivalent cross-sectional area, written as A c + η A r in Equation (25) . Table 2 shows the measurement results of the equivalent cross-sectional area. The pressure transmission ratio η was 1.07, since A c = 201 mm 2 , A r = 82 mm 2 . It was confirmed that the pressure transmission ratio was smaller when the inner diameter of the silicone rubber was smaller, as shown in Table 3 .
A small error of the outer and inner diameter caused a large error of η, resulting in a value greater than one, especially when the rubber wall was thin. For example, a 0.1-mm error of the diameter led to a 0.03 change for η. Other causes of the error may be the force sensor and the pressure sensor. 
Force and Displacement
A linear encoder (MLS-12, Microtech Laboratory Inc., Sagamihara, Japan) was attached to the soft actuator to measure the displacement caused by the force. The resolution of the encoder was 0.04 mm. Figure 11 shows the result. The solid line and the dashed line represent the measurement value and theoretical value, respectively. When plotting the theoretical value, we set K c and E in Equations (26) and (33) as K c = 36 N/m and E = 5.93 × 10 5 Pa, respectively, according to the datasheet provided by the manufacturer. The natural length of the actuator was 35 mm. The theoretical value fit the experimental value well for low pressure. However, the experimental values differed from theory for high pressure.
The magenta dashed line in Figure 11 shows the results obtained using the proposed method, combined with the nonlinear stress-strain relationship given by Arruda et al. [29] . The model is expressed as follows:
where K m = 0.08 and N = 3.15 are the constants depending on the material used and
The model gave a better description of the nonlinear behavior of the actuator. 
Discussion
In terms of the pressure-output relationship, it was confirmed that a smaller inner diameter of the actuator resulted in a smaller pressure transmission ratio, as derived in Section 3. Theoretically, the pressure transmission ratio was smaller than one; however, the experimental results revealed that the value was larger than one, due to the error associated with the diameter. The error can be reduced by precise manufacturing of the actuator. However, this problem is secondary given that the purpose of this experiment was not to calculate accurate η, but to investigate the characteristics of η according to the inner diameter to evaluate the efficacy of the model. We did not consider the dynamics in this investigation because the quasi-static characteristics of the soft actuator were unique compared with conventional actuators. The dynamics of the soft actuator can be approximated by a simple mass-damper model.
For the force-displacement relationship, the model worked well under low pressure, as shown in Figure 11 . The proposed method also worked under high pressure when combined with an existing nonlinear stress-strain model of rubber materials. Actual rubber materials exhibit nonlinear characteristics and become harder under large strain. The proposed model can be improved by considering the nonlinearity of materials. In addition, the experimental results resulted in a simple curve, which is possible for polynomial approximation in practice.
The hysteresis seen in Figure 11 was caused by the silicone material. It was smaller than the general profile of rubber material, because the stiffness of the metal spring with small hysteresis was dominant for the characteristics of the proposed actuator. This result implies that a precise soft actuator is possible by making the rubber cylinder thinner or using materials with lower hardness.
Conclusions
In this investigation, a quasi-static model of a soft actuator with reinforcement material on the outer wall of the rubber cylinder was constructed. It was theoretically demonstrated that the output force of the soft actuator was larger than the pure product of the inner cross-sectional area and the pressure since the rubber wall also transmitted pressure using a thick-walled cylinder model.
We also modeled the nonlinear relationship of the displacement of the actuator and the driving force. The model revealed that the stiffness was reduced by the elongation of the actuator. This was valid in the low-pressure range as shown experimentally. Compensation using Arruda's model increased the accuracy in high-pressure range.
It was possible to estimate precisely the external force applied to the soft actuator using the proposed model. Potential applications of force control and force estimation include robots for the food industry, surgical robots, and home robots, which require force control for safe interaction with humans or delicate objects. 
